A technique is described for constructing three-dimensional vector graphics representations of planar regions bounded by cubic Bézier curves, such as smooth glyphs. It relies on a novel algorithm for compactly partitioning planar Bézier regions into nondegenerate Coons patches. New optimizations are also described for Bézier inside-outside tests and the computation of global bounds of directionally monotonic functions over a Bézier surface (such as its bounding box or optimal field-of-view angle). These algorithms underlie the three-dimensional illustration and typography features of the T E X-aware vector graphics language Asymptote.
Introduction
curved edges, as illustrated in Figure 1 .
Input: simple closed curve C Output: array of closed curves A while C.segments > 4 do found ← false; for n = 3 to 2 do for i = 0 to C.segments-1 do L ← line segment between nodes i and i + n of C; if countIntersections( C,L) = 2 and midpoint of L is inside C then p ← subpath of C from node i to i + n; q ← subpath of C from node i + n to i + C.segments; A.push(p+L); C ← L + q; found ← true; break; end end if found then break; end end if not found then refine C by inserting an additional node at the parametric midpoint of each segment; end end Algorithm 1: bezulate partitions a simply connected region.
103
A line segment lies within a closed curve when it intersects the curve 104 only at its endpoints and its midpoint lies strictly inside the curve. If after 105 checking all connecting line segments between nodes separated by n = 3 or 106 n = 2 segments, none of them lie entirely inside the shape, the original curve 107 is refined by dividing each segment of the curve at its parametric midpoint.
108
The bezulation process then continues with the refined curve. This algorithm 109 can be modified to subdivide more optimally, for example, to avoid elongated 110 patches that sometimes lead to rendering problems.
111
If the region is convex, Algorithm 1 is easily seen to terminate: all con- 
Nonsimply Connected Regions

118
Since the bezulate algorithm requires simply connected regions, nonsim-119 ply connected regions must be handled specially. The "holes" in a nonsimply 120 connected domain can be removed by partitioning the domain into a set of 121 simply connected regions, each of which can then be bezulated.
122
For convenience we define a top-level curve to be a curve that is not 123 contained inside any other curve and an outer (inner) curve to be the outer
124
(inner) boundary of a filled region. With these definitions, the glyph "%" 125 has two inner curves and two top-level curves that are also outer curves.
126
The algorithm proceeds as follows. First, to determine the topology of is examined recursively to identify regions bounded by inner and outer curves.
135
First, the inner curves in the group are sorted topologically to find the inner 136 curves that are top-level curves with respect to the other inner curves. regions. This is illustrated in Figure 2 . 
Figure 2: Splitting of non-simply connected regions into simply connected regions. Starting with a non-simply connected region (a), the intersections between each curve and an arbitrary line segment from a point on an inner curve to the outer curve are found (b). Consecutive intersections of this line segment, at points A and B, on the inner and outer curves, respectively, identify a convenient location for extracting a region. One searches along the outer curve for a point C such that the line segment AC intersects the outer curve no more than once, intersects an inner curve only at A, and determines a region ABC between the inner and outer curves that does not contain an inner curve. Once such a region is found (c), it is extracted (d). This extraction merges the inner curve with the outer curve. The process is repeated until all inner curves have been merged with the outer curve, leaving a simply connected region (e) that can be split into Bézier surface patches. The resulting patches and extracted regions are shaded in (f).
inner curves that are supplied to it.
163
Input: array of simple closed curves C Output: array of closed curves A foreach group of nested curves G in sort( C) do innerGroups ← sort(G.innerCurves); foreach group of nested curves H in innerGroups do A.push(partition(H.innerCurves)); end A.push(merge(G.toplevel, top-level curves of all groups in innerGroups)); end return A; Algorithm 2: partition splits nonsimply connected regions into simply connected regions. The pseudo-code functions sort and merge are described in the text.
164
The routines bezulate and partition were used to typeset the T E X 
The resulting mapping σ(u, v) need not be bijective [22, 24, 14] , even if the corner control points form a convex quadrilateral (despite the fact that a Coons patch for a convex polygon is always nondegenerate). In terms of the 2D scalar cross product p×q = p x q y − p y q x , the Coons patch is seen to be a diffeomorphism of the unit square
] if and only if the Jacobian
(the z component of the corresponding 3D normal vector) is sign-definite. 
where U i,j = P i+1,j − P i,j and V i,j = P i,j+1 − P i,j , are required to be of 205 the same sign. This follows from the fact that with reversed orientation). However, the adaptive subdivision algorithm they 
214
Theorem 1 (Nondegenerate Boundary). Consider a closed counter-clockwise oriented four-segment curve p in the x-y plane such that the interior angles formed by the incoming and outgoing tangent vectors at each node are less than or equal to 180
• . Let J(u, v) be the Jacobian of the corresponding Coons patch constructed from p, with control points P ij , and define the fifth-degree polynomial
Otherwise, the minimum value of J(u, 0) occurs at a point where f (u) = 0. somewhere in (0, 1) we could conclude that f (u) < 0, so that u ∈ (0, 1), and 220 hence f would have an interior local minimum at u, with f (u) = 0. But this 221 is a contradiction, given that f (u) ≥ 0 whenever f (u) = 0.
222
The significance of Theorem 1 is that it affords a means of detecting a point u on the boundary where the Jacobian is most negative. This requires finding roots of the quartic polynomial
The coefficients of this quartic polynomial can be computed using the polyno- Table 1 . The method of Neumark
224
[16], which relies on numerically robust cubic and quadratic root solvers, is 225 then used to find algebraically all real roots of the quartic equation any degeneracy of the resulting subpatches can be addressed.
250
Since an algebraic quartic root solver is an explicit algorithm, optimal 251 subdivision of patches introduces minimal overhead compared to adaptive 252 midpoint subdivision. In our implementation, the costs of adaptive mid- The winding number for a closed curve p about z may then be evaluated 308 with the algorithm bézierWindingNumber(C,z) (Algorithm 4). is differentiable this means that f has sign-semidefinite partial derivatives.
324
These algorithms can be used to compute the 3D bounding box of a Bézier 325 surface, the bounding box of its 2D projection, or the optimal field-of-view 326 angle for sizing a 3D scene (cf. Fig. 9 ). The key observation is that the is useful for sizing a 3D object in terms of its 2D projection. For example, 343 these functions were used to calculate the optimal field-of-view angle 13.4
for the Klein bottle shown in Figure 9 .
345
For an arbitrary directionally monotonic function f , we note that
Our algorithms exploit Eq. (1) Input: real function f(triple), patch P , real M, integer depth 
where box(a, b) denotes the 3D box with minimal and maximal vertices a 372 and b, respectively.
373
The global maximum M of a directionally monotonic increasing function 374 f : R 3 → R over a Bézier patch P can then be efficiently computed to to illustrate abstract mathematical concepts in T E X documents, no compati-389 ble descriptive standard for technical mathematical drawing has yet emerged.
390
The recently developed Asymptote language 2 aims to fill this gap by 391 providing a portable T E X-aware tool for producing 2D and 3D vector graph-
. In mathematical applications, it is important to typeset labels and 393 equations with T E X for overall consistency between the text and graphical el-394 ements of a document. In addition to providing access to the T E X typesetting 395 system in a 3D context, Asymptote also fills in a gap for nonmathematical
Algorithm 6: FunctionMax(f,P ,M,depth) returns the maximum of M and the global bound of a real-valued directionally monotonic increasing function f over a Bézier patch P evaluated to recursion level depth. Herê x,ŷ,ẑ are the Cartesian unit vectors.
applications. While open source 3D bit-mapped text fonts are widely avail-able, 3 resources currently available for scalable (vector) fonts appear to be 398 quite limited in three dimensions. The above prescription immediately determines the three circular arcs 502 describing the patch boundary for a unit spherical octant. Let us place 503 P 00 at (1, 0, 0), P 03 = P 13 = P 23 = P 33 at (0, 0, 1), and P 30 at (0, 1, 0).
504
The remaining control points {P 11 , P 12 , P 21 , P 22 } are chosen to make the 505 surface nearly spherical and the interface with adjacent octants smooth (have 506 continuous first derivatives at the patch boundaries). The point P 11 is chosen 507 (on the tangent plane at x = 1) to be the vector sum P 10 + P 01 − P 00 =
508
(1, a, 0) + (1, 0, a) − (1, 0, 0) = (1, a, a). We also require that the triangle 509 in the x-y plane formed by the origin and the projections of P 12 onto the 510 x-y plane and the x axis is similar to the corresponding triangle for P 11 .
511
This implies that P 12 = (a, a 2 , 1). Similarly, we determine P 22 = (a 2 , a, 1) 
